Introduction
Let D denote the open unit disk of complex plane C and R denote the set of real numbers. 
For nonnegative integer h , note that T * z hN
. By Lemma 2.1, we calculate
On the other hand, direct computation shows that
which is equivalent to
Since
. By the above discussion,
Note that P M f = f . Comparing the expressions, it follows that
That is Proof For each h ∈ N, we calculate
and
n1 is the reducing subspace of T z N
1
. Next we will show that such type of reducing subspace
n1 ⊆ M is the minimal reducing subspace.
Theorem 2.5 Suppose n 2 is an integer with 0 ≤ n 2 ≤ N − 1 . The reducing subspaces
are the only minimal reducing subspaces of 
n1 and M (2) n2 such that
where n 1 and n 2 are integers with
In particular, M is the minimal reducing subspace if and only if
Proof Since M is the reducing subspaces of T z
, then by Theorem 2.4 there exists
, by Lemma
and it follows that
is the reducing subspace of both T z
If reducing subspace M is minimal, it certainly follows that M = M
n2 . Examining the proof above, it is easy to see that all the minimal reducing subspaces of both T z
can be expressed as M (1) n1 ⊗ M (2) n2 . The total number of the minimal reducing subspaces is N 1 N 2 since there are N 1 different spaces M (1) n1 and N 2 different spaces M (2) n2 . This completes the proof. 2
Corollary 2.7 Suppose N is a positive integer larger than 1 and M is a closed subspace of
the reducing subspaces of both
In particular, M is the minimal reducing subspace if and only if M
(1)
Proof It follows from Theorem 2.6. 2
Zhou and Lu [4] describe all the reducing subspaces of
) on the Bergman space of the
is the common Bergman space of the bidisk, and we extend the result in 
is independent of the weight α whenever α 1 α 2 ̸ = 0 .
The reducing subspace of
In this section, we will study reducing subspace of
. It shows that the structure of reducing subspaces of
Firstly we make further study of γ α i,j .
Lemma 3.1 Suppose k, m, i, j, N are nonnegative integers and α
then the following statements hold:
Proof By the assumption,
Taking h → ∞ in the above equation, it follows that for any positive integer h 
Note that α 1 ̸ = α 2 ; by comparing the multiplicity of zeros on both sides of the equation, statement (3) follows. 2
Next we describe the projection of monomial on reducing subspace M.
Theorem 3.2 Suppose that M is a reducing subspace of
and P M is the projection onto M. Then the following statements hold:
For nonnegative integer h , we calculate
On the other hand, a direct computation shows that
Since T z hN
If α 1 = α 2 , by Lemma 3.1, (i, j) = (m + k, m) or (i, j) = (m, m + k) , which implies that
Since ⟨z
A direct computation shows that a∥z
Thus statement (1) holds.
If
and for k = 0
Observe that (3.2) holds for any α , and statement (2) follows from the direct computation with (3.2).
If |α 1 | ̸ = |α 2 |, by Lemma 3.1, (i, j) = (m+k, m), which together with (3.2) implies statement (3) holds. 2
Lemma 3.3 Let Λ be an index set and let H be a Hilbert space. Suppose that H is the direct sum of its closed subspace
X i (i ∈ Λ), that is H = ⊕ i∈Λ X i , M
is a reducing subspace of bounded linear operator T on H and
P M X i ⊆ X i . If f = ∑ i∈Λ f i ∈ M with f i ∈ X i , then f i ∈ M for each i ∈ Λ . Proof Note that ∑ i∈Λ f i = f = P M f = ∑ i∈Λ P M f i .
The result follows from
f i = P M f i since f i ∈ X i and P M f i ∈ X i . 2
Theorem 3.4 Suppose that M is a nontrivial reducing subspace of
Then the following statements hold:
By Lemma 3.3, it follows that
By Lemma 3.3, it follows that
Thus statement (2) holds. (3) is also achieved from Lemma 3.3 . 2
Theorem 3.5 Suppose that M is the minimal reducing subspaces of
. Then the following statements hold:
Proof Suppose that M is a nontrivial reducing subspace. Then there exists nonzero function
We consider the following two cases. If f i,i ̸ = 0 for some i, by Theorem 3.4, z
If f i,j ̸ = 0 for some multi-index (i, j) with i ̸ = j , without loss of generality we assume i > j . By Theorem
A similar discussion implies the case of |α 1 | ̸ = |α 2 |.
From the above proof, we deduce that each reducing subspace M contains a reducing subspace M , which means that M consists of all the minimal reducing subspaces. 
In particular, M is minimal if and only if M = span{(az
) : l ∈ N} . Note that since
is the bidisk Bergman space, Theorem 3.5 extends the result of Theorem 2.5 in [4] to more general spaces.
The reducing subspace of
In this section, we will study reducing subspaces of T (
(2) If
Proof By the assumption, It is easy to see
which implies statement (1).
If α 1 = −α 2 , then (4.1) is equivalent to (i + hN + 1)(m + hM + 1) = (n + hN + 1)(j + hM + 1).
It is easy to see
which implies statement (2).
If |α 
Thus statement (3) holds.
For
which also implies statement (3).
Secondly, as to the case of α 1 · α 2 < 0 , without loss of generality, we assume α 1 > 0 and α 2 < 0. Therefore, (4.1) turns into
A similar discussion shows that i = n and m = j . This complete the proof. 2
Next we describe the projection of monomial on reducing subspace of 
Note that if : h ∈ N}.
where a, b ∈ C and m, n ∈ N such that 0 ≤ n ≤ N − 1 or 0 ≤ m ≤ M − 1.
